Abstract. The rainbow trout endocrine system is sensitive to changes in annual day length, which is likely the principal environmental cue controlling its reproductive cycle. This study focuses on the endocrine regulation of vitellogenin (Vg) protein synthesis, which is the major egg yolk precursor in this fish species. We present a model of Vg production in female rainbow trout which incorporates a biological pathway beginning with sex steroid estradiol-17b levels in the plasma and concluding with Vg secretion by the liver and sequestration in the oocytes. Numerical simulation results based on this model are compared with experimental data for estrogen receptor mRNA, Vg mRNA, and Vg in the plasma from female rainbow trout over a normal annual reproductive cycle. We also analyze the response of the model to parameter changes. The model 2010 Mathematics Subject Classification. Primary: 92C45, 92B05; Secondary: 37N25, 92C30, 92C42.
1. Introduction. In order to reproduce in their natural environment, fish must respond appropriately to environmental signals such as temperature, food availability and changing light conditions. These environmental cues are integrated at the level of the brain and result in endocrine changes that regulate gonad development and eventually gamete production and release. This study seeks to model the endocrine control of an important biological pathway that is critical for ovary development in female rainbow trout Oncorhynchus mykiss, an iteroparous, egglaying fish with a group synchronous annual reproductive cycle. Rainbow trout, like other salmonid fishes, are particularly sensitive to photoperiod and changing annual day length is the principal environmental cue controlling reproduction [9, 10, 4] . Changes in photoperiod, particularly decreasing photoperiod, have been shown to accelerate rainbow trout sexual maturation as evidenced by increasing gonad size [2] , and plasma follicle stimulating hormone and sex steroid concentrations [2, 8] . Although the precise endocrine pathway is not known, changing light levels do affect gonadotropin-releasing hormone production in the brain, which in turn stimulates pituitary release of gonadotropins which have downstream effects on the ovaries [40] . This study focuses on the endocrine regulation of vitellogenin (Vg) protein synthesis, which is the major egg yolk precursor in this species. Vg is produced in the liver upon stimulation by the sex steroid estradiol-17β (E2), which is primarily synthesized in the ovaries. Proper regulation of Vg production is essential for successful egg development [35] .
In a previous study, we developed an initial pharmacokinetic/pharmacodynamic (PK/PD) model of the salmon brain-pituitary-ovarian axis, which described the synthesis and biological activity of several essential reproductive hormones produced by these tissues including E2 [16] . The model was based on previously published data obtained from female Coho salmon and did not include a description of vitellogenesis. In a separate unpublished effort, Kim [15] developed a PK/PD model of Vg production in male rainbow trout after prolonged waterborne exposure to a potent synthetic estrogen, ethinylestradiol. This latter model included a description of E2 binding to a hepatic receptor that stimulated Vg synthesis. The model also included a description of Vg clearance from plasma based on previous experimental studies in male trout [31] . The model in [15] provided simulations that adequately matched the experimentally observed plasma profile of Vg [32] in the ethinylestradiol exposed male trout.
Our prior published and unpublished modeling efforts have led us to develop a more comprehensive PK/PD model combining a brain-pituitary-ovarian module with a mathematical model of vitellogenesis in female rainbow trout. In the present study, we adapt the model in [15] to female rainbow trout by beginning with E2 levels in the plasma and concluding with Vg secretion by the liver and sequestration in the oocytes. Estradiol in the plasma is taken up by the liver, where it binds to an intracellular estrogen receptor [25] . In rainbow trout as with other vertebrates, there are two estrogen receptor subtypes denoted α and β [24] . In many fishes including trout, gene duplication has caused multiple isoforms of each subtype producing a total of four estrogen receptor isoforms (α 1 , α 2 , β 1 and β 2 ) [24, 18] . Although there is emerging data for some fishes that the estrogen receptor β isoforms may be involved in modulating Vg synthesis [26, 19] , the experimental evidence for rainbow trout suggests the E2 induced synthesis of Vg is predominately regulated by estrogen receptor α 1 [3] . Thus, in our model we have assumed the E2-α 1 receptor complex activates transcription of both estrogen receptor mRNA and Vg mRNA. Translation produces Vg protein in the liver, which is secreted into the plasma and taken up by the ovary. We have modified the model in [15] by replacing some MichaelisMenten terms by mass-action terms and by removing some inhibitory terms, in addition to adapting the model to female rainbow trout by parameter changes. The model was first fitted to experimental data from female rainbow trout over a normal 365 day photoperiod. The model was subsequently evaluated against experimental data from female trout reared under an artificially compressed 217 day photoperiod, which was intended to accelerate the reproductive cycle.
2. Description of model and methods.
Biological description.
Our model for Vg production in female trout incorporates eight variables distributed between three tissue compartments: ovary, plasma and liver (see the model diagram in Figure 2 .1, model equations (2.1), and parameter definitions in Table 1 ). The initial driving force behind Vg production in our model is E2 in the plasma. We assume there is free and rapid diffusion of unbound E2 between the plasma and liver compartments so the concentrations can be taken to be equal [29, 33] . E2 then binds to a hepatic nuclear estrogen receptor R, produced by transcription of the estrogen receptor mRNA denoted mR. The rate constant k s,r describes the production of R by translation of mR (without corresponding loss of mR). E2 and R in association form the estrogen receptor complex ER, which is assumed to be activated rapidly on E2 binding. The rate constants k on and k off describe the association and dissociation, respectively, of E2 and R. The ER complex acts as a transcription factor that activates the transcription of mR, with rate constant S mr in an auto-regulatory positive feedback loop [11, 3] . Transcription is activated by the ER complex binding to estrogen response elements in the promoter region of the gene [11] . For simplicity, we assume that activation happens on a one-to-one ratio, as suggested by experimental data showing that a given dose of E2 yields similar increases in ER and Vg mRNA levels [11] . The ER complex also activates the transcription of Vg messenger RNA, mVg, with rate constant S mvg . mVg is then translated via a transcription rate k s,vg and an amplification factor γ to generate Vg protein in the liver (Vg L ). The amplification factor is a power that increases the contribution of mRNA concentration because one mRNA molecule can be translated many times [14] . We have also assumed the degradation rates of R, mR and mVg (k e,r , k e,mr and k e,mvg respectively) are unchanging during the reproductive cycle. Once formed, the intracellular Vg protein is subsequently secreted into the plasma with rate constant k sec . Vg in the main plasma compartment is denoted as Vg 1 . Vg 1 is then taken up by the ovary, Vg O , and also distributes from the plasma to the body tissues or peripheral compartment (Vg 2 ) analogous to that described in [31] . Table 1 . April 30, 2007 were held in an isolation room that allowed independent control of photoperiod. The lighting system and light intensity above each holding tank was identical. All tanks were maintained with a single pass flow-through freshwater system with water in-flow rates set to 20-25 L/min. The source water was from Battelle's artesian well (well depth = 134 m), and was pre-aerated before reaching holding tanks. Water quality parameters were routinely measured in both holding tanks with water temperature averaging 11.8
• C (range: 11.0-12.8
• C over the course of the study), dissolved oxygen > 9mg/l and pH 7.9 (range: pH 7.8-8.1 during the study). Throughout the study, all trout were fed a soft moist pelleted feed (6 mm in size) obtained from Bio-Oregon Inc, Longview, WA. The trout were fed three times a week at a ration level designed to maintain a constant body mass (approximately 0.5% body mass).
Initially, both groups of trout were maintained under lighting that simulates the natural photoperiod (NP) according to the latitude for Sequim WA, USA (48.079 N). The day after arrival at the Battelle Laboratory, the trout spawned on April 30, 2007 were reared under an artificial photoperiod that compressed the annual 365 day cycle to 217 days by incrementally adjusting the day length, in a proportionate manner, each day of the cycle.
During the normal and compressed photoperiod cycles, three trout were periodically removed at 17 different time points and anesthetized in an oxygenated solution of MS-222 (75 mg/L). After recording the body mass, blood was collected from the caudal vein using a heparinized syringe and 18 G needle. The plasma obtained by centrifugation (3000 g × 10 min) was flash frozen in liquid N2 and later stored at -80
• C. After blood collection, trout were euthanized by decapitation and the whole pituitary and small portions of the liver and ovary were excised and immediately placed in RNAlaterTM solution (Ambion, Austin, TX), gradually chilled to 4
• C overnight, and then frozen the next morning at -80
• C for storage. Other small pieces of ovary were fixed in 10% formalin and eventually stored in 70% ethanol for histology. The total mass of the ovary and liver was recorded to the nearest 1/100g. The mean body weights (± SD) of the trout in the NP and SP groups were: 2021 ± 354 and 1887 ± 381 g respectively. Plasma samples were extracted twice with diethyl ether and the solvent extract analyzed by radioimmunoassay for estradiol-17β using a commercially available kit (Coat-A-Count Estradiol, Diagnostic Products, Los Angeles, CA) at the Center for Reproductive Biology Assay Core Laboratory (Department of Animal Sciences, Washington State University, Pullman, WA). Freshly thawed plasma samples were analyzed for vitellogenin using a rainbow trout vitellogenin ELISA kit (Biosense, Cayman Chemical, Ann Arbor, MI).
Modeling methods.
The numerical simulations were performed using the MATLAB function ode15s. Some parameters (k s,mr , k e,mr , S mr , k s,r , k s,mvg , S mvg , k s,vg and k sec ) were obtained by fitting the results of numerical simulations to experimental data. Other parameter values in Table 1 are derived from [15] . The E2 levels used for input are based on the experimentally measured values ( Figure  2 .2). The experimental data for E2 were smoothed using the MATLAB function csaps. The function csaps implements a cubic smoothing spline algorithm that produces a piecewise polynomial approximation of the data, given a weight vector and a smoothing parameter. In all our computations the data is weighted by 1/SD where SD is the standard deviation. If the SD is 0, 1/SD is taken to be the maximum weight for all other data points. The smoothing parameter is a number between 0 and 1. The value 0 corresponds to the least-squares straight line fit to the data, while the value 1 corresponds to cubic spline interpolation of the data. The function csaps also can produce a default smoothing parameter value, which for our data was p = 0.00015. For subsequent figures, a smoothing parameter of 0.006 (4·p where p is the csaps-derived parameter) is used because it provides a good balance between smoothing and fit to the experimental data. When comparing results for different smoothing parameter values ( Fig. 2.2) we choose values that illustrate the transition from smooth approximation to interpolation.
Results.
3.1. mR. The experimental data for mR in the normal photoperiod group gradually increase from an average of 22.8 pg/μg total RNA at day 0 to an average of 189.8 pg/μg total RNA at day 301 followed by rapid decline to basal levels near the end of the photoperiod cycle and time of spawning (Figure 3.1, (a) ). The simulation results also show a gradual increase and display a shape that matches the observed data. However, at time points earlier than 200 days, the simulation results slightly overestimate the experimental data. Although the initial value for mR was chosen based on the experimental data, the simulated mR curve immediately increases to approximately 75 pg/µg total RNA. Conversely, the simulated mR peak occurs late relative to the experimental peak and underestimates the magnitude of the experimental peak. Between days 50 and 275, the simulation results are within the range of the experimental measurements.
3.2. mVg. The experimental data for mVg show low values in the first half of the cycle, which then markedly increase to a peak of 1.7×10
6 pg/µg total RNA at day 301 ( Figure 3.1, (b) ). The simulation results again show a more gradual increase, overestimating early data points while results between days 220 and 280 match well. As in the mR simulation results, the peak is delayed relative to the experimental data and is also somewhat underestimated.
3.3. Vg 1 . Unlike the upstream variables mR and mVg, the Vg 1 experimental data initially decrease (Figure 3.1, (c) ). From days 50 to 225, the values remain low. Around day 250, Vg 1 levels increase slightly and plateau for about 50 days before spiking with a peak around day 325. While the peak height and final decline of the simulation results match well, the results at earlier times do not fit the experimental data well. First, the initial decline is not reflected in the simulation results. Although the initial condition of 70 mg/ml is used to match the experimental data, the simulated curve decreases too quickly. Second, the simulation results overestimate the experimental values from days 150 to 250. Lastly, the plateau preceding the spike is not reflected in the simulation results.
3.4. Ovarian uptake of Vg. In our initial simulations, we assume the ovary takes up Vg from the plasma at a constant rate. The effect of this assumption is shown in Figure 3.1, (c) values, or underestimated the peak near day 325. Alternatively, it is likely that as the oocytes grow and mature, the rate of Vg uptake changes. To improve the fit of the simulations, we altered our assumption to allow a time-dependent change in Vg uptake by the ovary. We hypothesized that Vg uptake may decrease as the oocytes reach maturity late in the cycle, while other factors account for the continued increase in oocyte size (e.g. hydration). We simulated a time-dependent decrease in ovarian Vg uptake by replacing the parameter CL 1Ovg with a smooth approximation to a step function with a high early Vg uptake rate followed by a decrease in the Vg uptake rate at day 315. The resulting simulation better captures the small increase in experimental Vg 1 near day 250, and the large peak near day 325 (Figure 3.1) .
Compressed photoperiod results.
To test the response of the model to a change in input, we used the model equations and parameters developed for the normal photoperiod to simulate the response of trout to a compressed photoperiod (Figure 3.2) . In this simulation, a smoothed curve derived from the experimental E2 measurements for the compressed photoperiod fish was used as input. The Vg 1 simulation output underestimates early experimental values, overestimates intermediate time points, and finally underestimates the late time points. However, because the late time points yielded very high experimental measurements that were out of the physiological range, the validity of those Vg 1 measurements is in question. While the values before about 150 days are biologically feasible, the simulation results deviate from those values, indicating that changing the E2 input curve is not enough to account for the change in Vg 1 response.
3.6. The effect of E2 input smoothing on simulation results. In the cases of all three experimentally measured variables, changing the smoothing parameter of the E2 input does not greatly change the quantitative outputs (see Figure 2. 2). The simulation results using the input that is smoothed the least (64·p) also result in a less smooth output for Vg 1 , but this change is small and does not affect the fit to the experimental data.
3.7. Sensitivity to parameter changes. The response of Vg 1 simulation results to changes in most parameters is exemplified by the results obtained by changing S mvg (Figure 3.3, (a) ). The quantitative result scales with the parameter, but the overall shape and the relative trends over time are preserved. One exception is k e,mvg (Figure 3.3, (b) ), which not only affects the height of the Vg 1 peak but also causes the peak to become more sharp as k e,mvg increases, rather than remaining rounded as in the case of S mvg . It is also notable that the small early peak around day 60 is not amplified as much by a decrease in k e,mvg as it is by an increase in S mvg . Another deviation from the typical behavior is observed in response to the parameters k e,r , k on and k off (illustrated by k e,r , Figure 3.3, (c) ). While the parameter is scaled geometrically (with each parameter value being 156.25% of the next lowest value), the Vg 1 results scale linearly in response and seem to approach an upper limit. 
4.1.
Timing of mVg peak and decline is delayed. In the current model, mVg levels stem from E2 binding to its receptor R, which forms ER and positively feeds back on mR transcription while also resulting in mVg transcription downstream. While there is an upstream positive feedback from ER to mR, this type of regulation alone is not able to capture a decrease in mVg levels that precedes the decrease in E2 levels. A negative feedback or threshold may be necessary to achieve the early peak in mVg production that is observed in the experimental data. Alternatively, the assumption that mVg is degraded at a constant rate throughout the reproductive cycle may not be appropriate. For example, there is evidence from in vitro studies that rising estrogen concentration can stabilize mVg levels by reducing the activity of sequence-selective mRNA endonucleases [11, 7] . Other studies with invertebrates have suggested that stabilization of mVg may be modified by interactions with other small molecules that could lead to destabilization and increase degradation [21] . Thus, an improved description might include nonlinear or seasonal changes in the degradation rate.
4.2.
The addition of a time-dependent change in oocyte Vg uptake improves fit. The concentration of Vg 1 in plasma primarily reflects the balance between its rate of secretion by hepatocytes and its removal through uptake into maturing oocytes. It is also possible that some loss of Vg 1 may occur through proteolytic degradation or sequestration into non-ovarian tissues [31, 32] . The latter two processes are captured in the model by inclusion of a peripheral storage compartment (Vg 2 ) and the total body clearance parameter (CL Vg ), which combines all other degradative and non-degradative losses. This was considered to be the simplest description of Vg 1 kinetics that captures the essential biological processes determining its concentration. However, the sharp increase in Vg 1 levels, which does not appear in the mVg data (Figure 3 .1) suggests a strong non-linear relationship or threshold effects may play a role. In preliminary simulations with the model, we attempted changing the value of parameters in the pathway between mVg and Vg 1 , such as the translational control of Vg synthesis in relationship to mVg levels by modifying the amplification factor (γ in the model). The result was unsatisfactory because it could not significantly alter the shape of the Vg 1 response (Figure 3 .3, (a)).
As an alternative solution, we modified the rate of Vg uptake into oocytes to allow for rapid and constant uptake during the vitellogenic phase of oocyte growth, when the size of the individual oocytes increases the most dramatically. We then assumed that Vg uptake into oocytes decreases abruptly as they become fully mature. As can be observed in Figure 3 .1 (c), the model's simulation of Vg 1 appears to be much improved by adding a change in ovarian Vg uptake rate that switches from high to low at day 315. A sudden decrease in the ovarian Vg uptake rate would cause excess Vg to rapidly accumulate in the plasma, similar to the observed data. Although further experimental studies will be necessary to establish whether the uptake rate decreases as proposed, it does appear to be biologically plausible. The uptake of Vg by oocytes is established to occur by receptor mediated endocytosis [27] , which can be quite rapid in trout as demonstrated by the studies of [36, 37, 34] . Interestingly, the synthesis of the Vg uptake receptor by oocytes appears to occur early in development and during the subsequent vitellogenic growth phase of the oocytes, the Vg receptor is recycled rather than being continually synthesized [28] . Thus, in mature oocytes, the existing Vg uptake receptors could be degraded resulting in the decreased Vg uptake rate. The latter conclusion is also supported by the studies of Rodriguez et al [30] who observed a 25-fold drop in the receptor content of the trout ovary after oocyte maturation and ovulation.
Compressed photoperiod.
To further test the performance of the model in predicting vitellogenesis, we collected an additional experimental data set from a group of trout that were reared under a compressed photoperiod regime. This treatment was selected because it is well established that changing day length is the primary environmental factor that regulates the reproductive cycle in trout [5] . Unnatural photoperiod regimes combining rapid increases in day length with subsequent gradual or abrupt changes to shortened day length stimulate the synthesis of hormones in the hypothalamus and pituitary that are involved in the endocrine control of reproduction [2, 6] . In our study, it was anticipated that many of the upstream variables influencing E2 synthesis and in turn, Vg synthesis would be accelerated relative to trout reared under a natural photoperiod. Thus, an important question was how well the model could predict Vg1 levels in fish reared under the compressed photoperiod. In general, the overall scale of the compressed photoperiod simulation results matches with the experimental data without parameter changes. However, the shape fits poorly. As shown in Figure 3 .3, the overall shape of the results is not extremely sensitive to changes in single parameters. Thus, the difference between normal and compressed cycle Vg 1 results could not be explained by single parameter changes. Changes to either the modeled biological mechanisms or changes to multiple parameters simultaneously may account for the differences.
4.4. Conclusion. We have described a mathematical model for E2 control of Vg production in female rainbow trout. While the current model captures much of the dynamics of the experimental data, there is room for improvement. More computationally extensive multi-parameter sensitivity analysis and optimization may reveal more complex changes to the simulation results than those found in the single parameter sensitivity analysis. Also, changing the biological mechanisms represented in the model may be necessary to better fit the experimental data. For example, future versions of the model may need to consider the role of ER-beta subtypes in modulating the regulatory control ER-alpha has on vitellogenesis. Also, an important assumption made for many of the parameters is that a constant value exists throughout the reproductive cycle. This was deemed necessary for initial development of the model, but may need to be reevaluated in the future. The physiological changes associated with ovarian development and vitellogenesis is extraordinary from the standpoint of the dramatic increases in protein synthesis by the liver and oocyte growth dynamics. Thus, it is reasonable to expect some physiological or biochemical processes characterized by a model parameter will undergo sufficient change that a constant value cannot adequately describe the rate constant of that process over the entire cycle. For example, numerical simulation results obtained using this model support the possibility that the ovarian Vg uptake rate is not constant during oocyte development. Other parameters associated with mRNA degradation such as mVg may also need to be modified to allow for seasonal changes to improve the fit to the experimental data.
The Vg model described in this study is part of a larger effort that is developing a mathematical description of the endocrine control of reproduction in female rainbow trout. The Vg model extends a submodule of a previously published model, which described the hypothalamus-pituitary-gonadal (HPG) axis in female Coho salmon (Onchorynchus kisutch) [16] , by predicting plasma levels of estradiol and 17α,20β-dihydroxy-4-pregnene-3-one (DHP), as well as the gonadotropins follicle-stimulating hormone (FSH) and luteinizing hormone (LH). We plan to integrate our model of Vg production with the HPG model, which will be adapted to fit the rainbow trout experimental data collected under the normal and compressed photoperiods. Our modeling efforts complement other recent studies seeking to develop mathematical descriptions of the fish reproductive system. For example, [23] and [22] described a model for the HPG-liver axis of the Atlantic croaker (Micropogonias undulates), a group synchronous annual spawning estuarine fish. In their model, synthesis and secretion of Vg is described by a single rate parameter, which is stimulated by the amount of activated ER. The plasma clearance of Vg was not explicitly formulated in the model, which causes predicted Vg levels to rise to a sustained plateau. This model was then used to predict the effects of chemical exposures (a PCB mixture and cadmium) and environmental stress (prolonged hypoxia) on the HPG-liver axis [23, 22] . Another HPG-liver model was recently described for the male fathead minnow (Pimephales promelas), an asynchronous repeat spawning fish that is widely used in toxicological testing [39] . This model also incorporates a description of Vg similar to [23] , with synthesis and secretion characterized by a single rate parameter but also includes a parameter for the first order elimination of Vg [39] . The latter model was then used to characterize the effects of exposure to two different estrogens.
The growing interest in developing mathematical models of the fish HPG-liver axis reflects the need to better understand and interpret the complex physiological changes that occur when fish are exposed to endocrine disruptors be they chemical or associated with environmental stress (e.g. hypoxia). One area where these models are expected to be especially valuable is in future regulatory toxicity assessments. It is anticipated that in the future, greater emphasis will be placed on in vitro tests and the use of computational models to predict ecological risk [1] . Mathematical models that incorporate parameters that can be measured by in vitro methods (e.g. mVg, mR) and subsequently linked to tissue and organism level changes such as ovarian development and spawning are particularly needed [38, 17] . Our present Vg model moves towards this goal by providing a more detailed description of vitellogenesis by including parameters for gene expression of the estrogen receptor and Vg along with a more physiologically accurate description of Vg clearance. Including descriptions of the dynamics of gene expression is important, as it demonstrates the potential for more widespread characterization of time-course gene expression data collected with DNA microarrays and other high-throughput methods. The full potential of incorporating gene expression data into whole animal kinetic models was elegantly demonstrated for the corticosteroid, methylprednisolone, in the rodent liver by Jin et al [13] . We have recently used time-course microarray analysis to characterize gene expression changes in the pituitary, ovary and liver of female trout during the reproductive cycle [20] . Thus, an important goal for our modeling effort is to incorporate the results from gene expression studies into our model, to eventually include pathways not yet represented in the HPG or Vg models.
Also, in general, the trout is a good example of a seasonally breeding fish with group synchronous ovarian development. We propose that other species of fish with this type of ovarian development could be analyzed similarly.
